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This paper examines the equilibrium of a market model of two interchangeable goods under
conditions of critical and general cases. The influence of economic forces, such as prices, sales
volumes, intensity of competition and model parameters, on the stability of the equilibrium is
considered. The purpose of the work is to study the stability of the market equilibrium of two
interchangeable goods depending on economic forces and model parameters. The research uses
methods of mathematical modeling, differential equations and stability theory. A system of differ-
ential equations is introduced that describes the dynamics of the market for two interchangeable
goods. It is shown that the stability of the market equilibrium of two interchangeable goods
depends on the values of economic forces and model parameters. Equilibrium equations for a
first-order model of two interchangeable goods in the general and critical cases are obtained.
The stability of the equilibrium of a first-order model of two interchangeable goods is studied
depending on the economic forces of sellers, merchants, the state and competition parameters.
Examples of stable and unstable equilibria of a first-order model of two interchangeable goods
are given. In particular, it was found that: if the prices for both goods are low enough, then the
market equilibrium is stable; if the prices for both goods are high enough, then the market equi-
librium is unstable; If the price of one good is low enough and the price of another good is high
enough, then the market equilibrium can be either stable or unstable, depending on the values
of other economic forces and model parameters. The results of the study can be used to predict
the behavior of the market for two interchangeable goods depending on changes in economic
conditions. They can also be used to develop recommendations for managing the market of two
interchangeable goods in order to ensure its sustainability.

Key words: market of two goods, interchangeable goods, equilibrium, stability, differential
equations, price elasticity.

binoycosa T. I1. /locnioxncenns punKy 080X 63aEMO3AMIHHUX HMO6API6 HA CMITIKICD

Y yiti pobomi oocnioxcyemucs pienosaca mooeni puHKY 080X 63AEMO3AMIHHUX MOBAPI6
8 YMOBAX KPUIMUYHO20 MA 3A2aNbHO20 GUNAOKIE. Po3enadacmvcs niue eKOHOMIUHUX CUTl, AKUX
AK Yinu, odca2u npooaxcy, iHmeHCUsHICMy KOHKYPeHYii ma napamempu mMooeni Ha CmilKicmo
pisHosazu. Memorw pobomu € 00CHIONCEHHS CMIUKOCMI PIBHOBASU PUHKY 080X 83AEMO3AMIH-
HUX MOBAPI8 3aNeHCHO 8I0 eKOHOMIYHUX CUNl ma napamempie mooent. Ilpu 0ocnioxcenHi uko-
PUCMOBYIOMBCS MEMOOU MAMEMAMUYUHO20 MOOENIOBAHHS, OUpepeHyiabHUX PIBHAHb ma meopii
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cmitikocmi. 3anposadacyemupcs cucmema OupepeHyianoHux pieHsaHb, W0 GUSHAYAE OUHAMIKY
PUHKY 080X 83acmo3aminnux mosapie. Iloxkazano, wo cmiikicmy pieHosacu puHKy 080X 63A€MO-
SAMIHHUX MOBAPIB 3aNeHCumyb 810 3HAUEeHb eKOHOMIYHUX CUlL ma napamempie mooeii. Ompumano
PIGHANHSA pIgHOBAcU MOOeNl Nepuioco NOpsoKy 080X G3ACMO3AMIHHUX MOBAPIE V 302ATbHOMY
ma KpumuyHoMy 6unaoxy. Jocniodceno cmiikicms pieHoazu Mooeni nepuiozo nopsaoky 080x
63AEMO3AMIHHUX MOBAPIB 3ANENHCHO 8I0 eKOHOMIUHUX CUTL NPOOABYIE, MOP2OBYLE, Oepicasu ma
napamempie KouKypeHyii. Haeeoeno npuxiaou cmitikux ma Hecmitikux pieHoeae mooeni nep-
1020 NOPAOKY 080X 83AEMO3AMIHHUX Mosapis. 30kpema, OYI0 6CMAHOBNIEHO, WO: AKWO YiHU HA
06u08a Mosapu € 0OCUMb HUZLKUMU, MO PIBHO6A2A PUHKY € CMILKON, AKWO YIHU HA 00U08a
mosapiu 00Cumb 8UCOKI, MO PIBHOB8A2A PUHKY € HECMIUKOIO, AKULO YIHA 00HO20 MO8apy 00CUmMb
HU3bKA, a YiHa iHWOo20 Mogapy 00CUMb GUCOKA, MO PIGHOBA2A PUHKY MOdice OYmu K CMIKoIo,
Max i HeCMIUKO0, 3ANIeHCHO 810 3HAUCHb THUUX eKOHOMIYHUX cull i napamempie mooeni. Cyuachi
Mamemamudri Memoou eparoms 0edani Oiibuly ponb 6 ekonomiyi. Pesyiomamu 0ocniodcenHs
MOJICHA BUKOPUCIOBYBAMU 011 NPOSHO3YBAHHS NOBCOTHKU PUHKY 080X 63AEMO3AMIHHUX MOBADIE
3A1EHCHO 8i0 3MIHU eKOHOMIYHUX YMOB. A MaKoxHc Moxcyms Oymu 6UKOPUCMAHI O pO3POOKU
pexomenoayiti w000 Ynpasiintsa PUHKOM 080X 63AEMO3AMIHHUX TOBAPI6 3 Memoio 3abe3neyenns
11020 cmitkocmi.

Knrouosi cnosa: punok 060x mosapie, 63a4€MO3aMIHHI Mosapu, pieHosaza, cmitkicms, ouge-
PEHYIANbHI PIBHAHHA, YIHO6A e1ACMUYHICTb.

Introduction. The study of market equilibrium, in particular the equilibrium of
the first-order model of two interchangeable goods, has a rich history that goes back
to the early stages of the development of economic theory. L. Walras is considered
one of the founders of neoclassical economics. He developed a general equilibrium
model that describes how prices and volumes are determined in all markets of the
economy simultaneously. His work paved the way for further studies of equilibrium
in the markets of individual goods [1]. D. Marshall expanded the Walras model,
including the analysis of supply and demand, as well as the behavior of firms. He also
investigated the effect of time on market equilibrium [2]. F. Knight investigated the
dynamics of markets for two interchangeable goods, focusing on the role of uncertainty
and expectations. He also analyzed the influence of information and institutional
structures on equilibrium [3]. R. Solow developed a model of economic growth that
describes how factors of production, such as capital and labor, affect the long-term
growth of the economy. P. Krugman, explored various aspects of market equilibrium,
including international trade theory, macroeconomics, and public sector economics.
The study of market equilibrium remains a relevant topic. Increasing globalization has
led to increased competition in world markets, which makes understanding the factors
that determine market equilibrium even more important. Rapid technological progress
leads to constant changes in the structure of the economy, which makes it necessary to
constantly update market equilibrium models [4]. The economy faces many sources
of uncertainty and risk, such as changes in commodity prices, political instability and
natural disasters. Understanding how markets adapt to these changes is important for
designing effective policies [5]. Researching the stability of substitute goods markets
is an urgent task in the modern economy. In the conditions of globalization and the
development of e-commerce, competition between goods is increasing, which leads
to changes in their prices and sales volumes. Understanding the factors affecting the
stability of markets of substitute goods allows us to predict their behavior and develop
effective measures of state regulation [6]. The study of market equilibrium allows us
to better understand how economies function, predict the behavior of markets, and
develop effective policies.

Formulation of the problem. Let's consider a market model of two substitute goods
[7]. Let us introduce the following notation: p, () is the price of a unit of the jth product
at time t; p‘? is the equilibrium price of the j-th product; ¢, (t) is the number of units
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of the jth product sold at time t; q - equ1hbr1um number of units of the j-th product
at price p] P, — lower threshold value of the price of the j-th product associated with
the seller’s costs incurred; p is the upper ceiling value of the price of the j-th product,
above which buyers refuse o purchase this product. Let ¢, (p) be a function of sales
volumes of the jth goods at market prices p = ( D Pz) The mathematical model of the
market is presented in the form of a system of differential equations [8]

. wle-p')p di(p-p)p
p= PV PO () o ()i,

w0 dy(p-pi )P
pr=- 2(;2_;;) - z(pf*_pzz) 2—Cz((Pz—pS)—(pl—pf))+%(pzqz(p)—p343),(1)

where p; <p;< pj-*, j=12, and, v,, d i, €, I; are positive parameters of the
model that characterize the intensity of economic forces.
Let us assume that the functions of sales volumes are specified linearly according to

the formulas q,(p)=q,?£1—%(p, —P‘?)‘F%(Pi —P?)], Ji=12,j#1i,
I i

where e, is the price elasticity of demand, and €¢; is the cross price elasticity [8].
These quantities are determined by the formulas:

v 0q,(p’ 0 oq; (P’
ej:_p_é ‘/( )’ ejk:p_g j( ),j,k=1,2,j¢k, atpOint poz(plo’pg)
q;, Op, q;, Op;

Presenting main material. /. Stability of balance. Note that model (1) has an
economic equilibrium p = p0  p, = ps. To study the stability of this equilibrium, we
will make a change of variables in system (1) y, = p, — p_(;, j =1,2, having previously
substituted expressions for functions of sales volumes, and use the following notation:
p;= P? - P; — seller’s surplus price, p7 = pj - p? —consumer price surplus. Then we
obtain a system of differential equations for the components of the vector ¥ = ( Wi yz)
in the following form:

) vply, dply e e
W= - e (v ) [(1—6.)% +enpnY, ——5 Vi +%y1yzj,
W+tb b= 2 b,

. oy, d,ply e e
b :_#_%_Q (yz —yl)+r2 ((l_ez)yz +621p21y1 _720)’22 +2(1)y1y2j5 2)
W*tDP, DPy— ) )2 2

where, p/ <y, < pj 7 =1,2 . Here, the economic equilibrium corresponds to the ori-
gin of coordinates y, =y, =0.
Let us select the linear and nonlinear parts of the equations of system (2) by writing

»==S»+Ry, +1 (yl,yz), =Ry -85y, +Y, (ylsyz)' (3)
Here for the linear part it is assumed

0 0 0 ..
S,=v,+d, +c,~r(1-¢)), R =c +r,ple,. pj=p/[p], ji=12. @
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where S, is the safety margin of the market for the jth product. The nonlinear part
is determined by the expression

r.e i
Y, (y00) =M,y +-
Py
where o S" y||3 ) means at y — 0 a value of the order of smallness above the third, and
it is assume

Vi —szyj +0(||yj||3), Jk=12j#r,

v, d. 7.

H,=——-— M =H e H,

J ' "’ 1 lj_ [
/ J

Vi J
= T + n2 5
pjz p,z )

J

The first approximation model of system (3) takes the form of system

{J'/l ==S» +RYy,,

. 6
=Ry, = 8,55, ©

whose characteristic equation is given by the equality
Kz—k(Sl +8,)+5,S, -RR, =0. (7

According to the Rouse—Hurwitz criterion and the first approximation stability the-
orem, the conditions for the asymptotic stability of the equilibrium of system (3) are
determined by the inequalities 1) S, >0, S, >0; 2) S,S, —R R, >0.

These conditions suggest the following economic conclusions:

1. The safety margin of each of the products of market competitors must be strictly
positive (vj +d, +c; -, (1 - ej) >0,j= 1,2). In particular, it follows that the intensity
of competitive forces plays a stabilizing role in the sustainable development of the mar-
ket. The same positive role is played by the property of price elasticity of competing
goods(e1 >1, e, 2 1) .

2. The product of safety margins of both goods must be strictly separated from zero
by an amount no less than the product of the intensity of the forces of competition, since
RR>cpc,.

Further study of the stability of the economic equilibrium of the model is primarily
related to critical cases when one of the roots of equation (7) has a zero real part. It is
easy to verify that, taking into account the inequalities R; >0, =1,2, the model is only
possible in the critical case of one zero root, for which the problem of stability is studied
below. Consequently, in all other situations the equilibrium is unstable, which follows
from Lyapunov’s theorem on instability to the first approximation.

2. The critical case of one zero root. From equation (7) it is clear that such a case
occurs when

S.S, =R R, (®)
end

S, >0,8, >0. ©)
To study the stability of economic equilibrium, we make a change of variables in

system (6)
X, =y, Y=antan,, (10)
where the coefficients @, and a, are to be determined, and the non-degeneracy
of the proposed transformation means that @, # 0 .We require that, as a result of such
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a replacement, x =0. In this case, the coefficients ¢;, j =1,2, satisfy the following
system of equations:

{Slal—Rzaz =0 an

Ra, —S,a,=0.

Based on requirement (8), the determinant of such a system is equal to zero. Therefore,

to find coefficients g, and @, we can take, for example, the first of the equations
S\a, —R,a, =0 (12)

Taking into account (8), solution (12), which meets the requirement a, # 0, exists
only for R, #0, Sa #0. Consequently, equation (12) has the family of solutions
a, =R, b/S,, a,=b#0, where the parameter b will be refined further in order to
simplify cumbersome expressions.

Thus, the desired change of variables (10) has the form

x=R,by, /S, +by,, x,=y,b#0. (13)
This implies feedback between the variables
Y=x,y,=x/b—R,x,/S,,b#0. (14)

As a result, linear system (6) is transformed to the desired form

x=0,
X, =—(8,+S,)x, +R x/b, b=0.
Replacing variables (13) of the system under study (3) results in the nonlinear part of

the second equation to the form X (x,x,)=R,bY, (y,,3,)/ S, +bY,(,,¥,), in which the
variables (y1 » Vs ) should be replaced by the formulas (14). The nonlinear part X, ( X, X, )
is similarly transformed. As a result of such transformations we obtain the system

)'ch(x,xl),
X =—(8,+8,)x +Rx/b+ X (x,x,), b#0 15

where, taking into account notation (5), we can write the nonlinear terms in the form

M S? S S, re re, |S
X(x,xl):fx2 +[M12R—22+M11 Fz—(fﬁ+%l—zjbﬁ +
1 1 1 2 1 1

0 0 22 p3
b R, R; 1 1

M 3
+ iﬁ+—rze‘” —27‘25‘2 xx, +| H 5, —iH21 bx} —széx3 —i—?;szlixlx2 -
R P’ R b bR

2

S
-3H,, R—zlezx + 0(||(x,x1 )”3 );
1

S
o) = M e o)
271 2

Putting X’ (x)=X(x,0) and X,°(x)=X,(x,0), we are convinced that for the
smallest powers in the variable x the following relations hold:

min deg(X]O (x)) = min deg(X]O (x,O)) > min deg(Xo (x)) = min deg (X (x,0)).




CucreMHHil aHAaI3 |

|91

Therefore, we can move on to the next stage of studying the critical case. Bearing in
mind that in equations (3) the variables were replaced according to formulas (13), we
equate to zero the right-hand side of the non-critical (second) equation of system (15):
—(S,+8,)x, +Rx/b+ X, (x,x,)=0.

Let us find the solution x, = /(x) of this equation in implicit functions using the
method of undetermined coefficients, putting f (x) =ox + sz + yx3 +.... When finding
the coefficients of a power series f (x) , one should take into account the fact that the
minimum degree with which x, enters the expression X (x,x,) is degree two. Note
that the parameter 3 after the replacement x, = f (x) is included in the nonlinear part
X (x, X, ) , starting with the coefficients of the third power of x ; subsequent parameters —vy,
etc. are included in the expressions for X (x,x, ), starting from higher powers of x,
therefore, if we limit ourselves to only the coefficients of the first and second powers,
such terms will not be included in the consideration. Equating the coefficients at the
same powers, we find o and B from the system of equations

(—Sl—Sz)oH%:O,

[M“—rlelzﬁjau”‘;nba (-5, - S,)B=0.

2

Let us set here h=1/(S, + 5, )2 , then taking into account inequality (9) we obtain a
solution to this system:

=(S,+8,)R, s B=(S,+S,)R ( ,pzM”+rlele)/pg. (16)

Thus, taking into account formulas (16), the right-hand side of the first equation
of system (15) is transformed to the following form: X (x,x,)=Fx* + Gx’ + 0(||x||3),
where using the equality R, = S,S, / R, (critical case condition) we will have

0

R p, p

re R, re re
) ! ézj(ZM“SZ —-2M,R, +[?21—(')2+ 2 21](S -8 )J

2 1 P P

F=M,S?+M,5,R, +£S B4 rZeleSR

G= (RfM“ +RS

_(Sl +S2)(H22513+S2R12H21)- (17

Note 1. If in our studies we use not the first of equalities (11), but the second, we will
obtain formulas for £ and G similar to formulas (17), but with the replacement of the
indices 1 by 2 and 2 by 1, namely, we will have the expressions

o

S,
F=M,S>+M,SR, J{ Ll re”js R,
R, p P

G:(RZZM]2+R252FZ—8021J 2M1251—21\4,1RI+(5V2621 reu](s e
S, p y 2

P !

_(Sz +Sl)(H21S23 +SIR22H22)' (17*)
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Thus, the conducted studies of the model lead to the following statement.

Statement 1. The economic equilibrium p;, = PIO , Dy = pg of the market of two inter-
changeable goods is asymptotically stable if the margin of safety of each of the compet-
ing goods is strictly positive, i.e. i + ¢ +¢ =7, (1-¢)>0  Vatdy e, - (l-¢)>0,
and one of the following two conditions is met:

0 0
1) (vl +d +¢ —rl(l—e]))(v2+d2+c2—r2(1—ez))>[cl +;f1§‘0€12J(c2+r21;(2)e21j, or

2 1

0 0
2) (v1 +d, +¢ —rl(l—el))(v2 +d,+c,-r, (l—ez)):[c1 +”1§10612J[C2 +r22(2)e21}

2 1

F =0, G<0,where the values of F and G are determined by formulas (5), (17).

In all other cases, except ' =0, G =0, the equilibrium is unstable.

In the case of /=0, G =0, further research is needed.

Note 2. It is easy to show that with appropriate values of the model parameters,
the quantities F* and G can take on values of different signs, including vanishing.
Therefore, each of the options for the signs of the quantities /' and G indicated in the
statement can be implemented.

Note 3. In the critical case, in contrast to the study of the stability of economic equi-
librium using the first approximation system, the conditions of stability or instability are
cumbersome expressions that include all the parameters of the mathematical model. To
explain these conditions based on the expressions F and G , let us consider the so-called
absolutely symmetric case. We are talking about a situation where both competing prod-
ucts correspond to completely matching values of” the n”lodel parameters, namely, v=v,,
d=d;, c=c;, r=r, P=P2, pi=p, Pi=P | j=12 e=¢=¢, ¢,=¢,,
In this case we have R=Sand then F =25’ [l_i_r_e_’_re_,z

pr pﬂ pO pO
the conditions that FF=0 or F #0 are respectively equivalent to the relations:

v d_ r(e—e,) oV d r(e—e,)
PP A

From an economic point of view, the first of these equalities means a certain parity
between producers, consumers and the state, taking into account the properties of price
elasticity of demand and cross-price elasticity. Therefore, it follows from the theorem
that if this parity is violated, i.e. F' #0, the model is unstable. In the case of =0,
the expression for G is simplified and takes the form G =—-4S*H, <0 . Therefore, we
obtain the asymptotic stability of economic equilibrium.

3. Constant sales volume. For a special case with a constant sales volume ¢ (P) = 61_(; ,
j=1,2, the model is described by a system of differential equations

_wle=p')p d(p-p)p!
bi=- '(pll_p}) - 1(p11*_];1) ~eni(p-pl)-e((p—p))-(p. - 1)),
v,(p=p5)ps dy(pr—p3)PS

R (=) =a((p-p2)=(m-l)).

J. Consequently,
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The conditions for asymptotic stability in the first approximation for such a system
are given by the inequalities 1) S, >0,S, >0;2) §,5, — ¢, >0, where the safety mar-
gin of competing goods is determined by the formula S, =v, +d +c, j=12.
For the critical case, when S5, =cc, formulas (17) respectlvely take the form
}7_1_]12‘5'12 +H11S2R1 ° G_2H11R1 (HHSZ HIZRZ) (Sl —i_‘SVZ)(PIZZ‘SI3 +H21S2R12)'

Formulas (17*) are transformed in a similar way. In this case, the conclusions of
an economic nature noted in Note 3 are formally obtained under the condition that
price elasticity (e =0) and cross-price elasticity (e, =0) are equal to zero. At F =0,
ie.H,=-H,S,c /S, and S,S, =cc, (the condition for the critical case of one zero
root), the expression (; is transformed to the form

G=(S,+8,)(2H},c]S, — H,,S! - H,,S,S,¢ )/ S,.

Therefore, here the conditions forasymptotic stability and instability, respectively, take
the form of inequalities ¢S, (2H;, = H,,S,) < H,S} end ¢S, (2H}, — H,,S,) > H,,S;.

3.1. The case of identical parameters of competitors. If, as above, we assume that the
goods are competitors are equal, i.e. their parameters completely coincide, then

F =SH (S+c). Provided that F=0(i.e. H,=0) and S=R=c (the condition
for the critical case of one zero root), the expression G is transformed to the form
G =—4c*H,. Therefore, the following statement follows from Statement 1.

Statement 2. Let the following conditions hold for a market of two interchangeable
goods:

) v=v,,d=d,, c=c;, r=r,, p= p.p=p ., pi=p", j=12, e=¢=e¢,
€ =€

2) sales volumes are constant ¢, (p)=q ;. =1, 2

Then the economic equilibrium p, = 28 Pz Py is asymptotically stable if one of
the following two conditions is satisfied: 1) v+d >7 or2) v+d=r, l{ = i” .

In all other cases, the equilibrium is unstable. PP
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